IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Integrability in the theory of geodesically equivalent metrics

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2001 J. Phys. A: Math. Gen. 34 2415
(http://iopscience.iop.org/0305-4470/34/11/331)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.124
The article was downloaded on 02/06/2010 at 08:51

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/34/11
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

INSTITUTE OF PHYSICS PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND GENERAL

J. Phys. A: Math. Gen. 34 (2001) 2415-2433 www.iop.org/Journals/ja  PII: S0305-4470(01)15477-6

Integrability in the theory of geodesically equivalent
metrics

Vladimir S Matveev' and Peter J Topalov’

! Mathematisches Institut, University of Freiburg, Germany
2 Department of Differential Equations, Institute of Mathematics and Informatics, Bulgarian
Academy of Sciences, 1113 Sofia, Bulgaria

E-mail: matveev@arcade.mathematik.uni-freiburg.de and topalov@math.bas.bg
Received 2 June 2000, in final form 11 January 2001

Abstract

The property of two metrics on one manifold having the same geodesics is
equivalent to a special kind of integrability of the geodesic flows of these
metrics (both in the classical and in the quantum sense). This gives us nontrivial
restrictions on the topology of the manifold, allows us to construct new examples
of such pairs of metrics on the sphere and to give a local description of
geodesically equivalent metrics near the points where the eigenvalues of one
metric with respect to the other bifurcate.

PACS numbers: 0240G, 0240H, 0240K, 0240U, 0240X, 0240Y, 02301, 02300,
0230T, 0365G, 0365D

1. Introduction

Definition 1. Riemannian metrics g and g on M" are geodesically equivalent, if their geodesics
coincide (as unparametrized curves).

Metrics with the same geodesics were considered by Beltrami [1]. The list of
mathematicians who worked on this subject includes Dini, Levi-Civita, Liouville, Painleve,
Weyl, Cartan and Eisenhart. Once mathematicians understood what geodesics of Riemannian
metrics were, it was very natural to look for two different metrics having the same geodesics.

Since the time of Beltrami, the main technique for investigation of geodesically equivalent
metrics has been based on the following PDE system: in tensor notations, the equation for g
to be geodesically equivalent to g is as follows:

2(n+ Dgijk = 28Ok + 8ik® j + 8O ;. (D

Here ® denotes the function ln(ge‘—@) and T is the covariant derivative of the tensor 7" with

respect to the metric g. e

The system (1) is nonlinear; it is almost impossible to solve it globally or for a given
non-trivial metric g; the most remarkable local result is probably the local description of
geodesically equivalent metrics given by Dini in [6] for surfaces and by Levi-Civita in [10] for
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manifolds of arbitrary dimension. Here we formulate the Levi-Civita theorem assuming that
all eigenvalues of one metric with respect to the other are different. Denote by G the tensor
gta gaj .

Theorem 1 (Levi-Civita [10]). Ler g, g be geodesically equivalent on M". Suppose that at
the point x all eigenvalues of G are different and equal to p'(x) > --- > p"(x). Then there

exists a coordinate system xi, . .., X, in some neighbourhood U" of the point x such that the
quadratic forms of the metrics g and g have the following form:
dg? =T dx} +---+ 11, dx? 2)
dg? = p'T dx? + - - - + p"I1, dx? 3)

where the functions T1; and p; are given by
def

I; = (@i — ) - (i — i) (Piz1 — Pi) -+ - (P — &i)

pi L1
1. bu i
where ¢ < - -+ < ¢, are smooth functions on U" such that for any i the function ¢; depends

on the variable x; only.
Remark 1. The metrics (2), (3) are geodesically equivalent.

We generalize this theorem in section 6 to a case of the points on M”" where the eigenvalues
of the operator G bifurcate.

2. Integrability

The goal of this paper is to give a review of new results on geodesically equivalent metrics. The
results are global, in the sense that the manifold is assumed to be closed (or at least geodesically
connected). All previously known global results on geodesically equivalent metrics require
additional strong geometrical assumptions. For example, for Einstein or (hyper)Kahlerian
metrics beautiful results were obtained by Lichnerowicz [14], Venzi [13], Mikes [23], Couty [5]
and Hasegawa and Fujimura [8].

Our methods are also useful for local description of geodesically equivalent metrics. We
use it to obtain generalization of Levi-Civita’s theorem to the case when the eigenvalues of the
tensor G bifurcate.

The new approach to geodesically equivalent metrics were suggested in [29]. Essentially,
it was shown that the theory of geodesically equivalent metrics can be considered as a part
of the theory of finite-dimensional integrable systems: using g we can construct invariantly n
commuting integrals for the geodesic flow of g.

Let g, g be Riemannian metrics on M". Consider the tensor G; = g'*g,; which in
invariant terms can be given as the fibrewise-linear mapping G : TM" — T M" such that
g(G(&),v) =g, v) forany x € M" and for any &, v € T, M".

Consider the characteristic polynomial det(G — ul) = cou” + ciu"~' + - - - + ¢,, where
1 denotes the identity. Consider the mappings S, Si, ..., Sp—1 : TM" — T M" given by

k+2
e (det w K .
S, dét ( (%)) ZCinﬂn_
det(g) P
Consider the functions Iy, Iy, ..., I,y : T*M" — R given by the general formula
def i i
I(x, p) = ¢ (SOLpip)- )

In invariant terms, if we identify 7 M" with T*M" by the metric g, the functions /; are given
by Ii(x, &) = g(5k§, ).
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Remark 2. The integral 7,_; is the energy integral (multiplied by minus two).

Theorem 2 ([29]). If g and g are geodesically equivalent then the functions I; are commutative
integrals for the geodesic flow of the metric g.

As it has been shown in [17], if the metrics are not proportional at least at one point then at
least one integral (namely, the integral Ij), is functionally independent of the Hamiltonian. In
particular, if the geodesic flow of some metric g is ergodic then the following two statements
are equivalent:

e g is geodesically equivalent to g.
e g is equal to Cg for an appropriate positive constant C.

Definition 2. The metrics g, g are strictly non-proportional at xo € M", if the characteristic
polynomial det(G — 1) has no multiple roots at xy.

If the metrics are strictly non-proportional at x € M" then the integrals I; are functionally
independent almost everywhere on the cotangent bundle to some neighbourhood of the point x.
Corollary 1 shows that if the metrics are strictly non-proportional at one point of the manifold
then they are strictly non-proportional almost everywhere and therefore the integrals are
functionally independent almost everywhere.

Corollary 1 ([16,21]). Suppose M" is connected. Let metrics g, g on M" be geodesically
equivalent.

If they are strictly non-proportional at least at one point of M" then they are strictly non-
proportional almost everywhere. More generally, if at a point of the manifold the number of
different eigenvalues of G is equal to n| then at almost every point the number of different
eigenvalues of G is greater than or equal to n.

3. Symplectic nature of the integrals

How is it possible to ‘see’ the integrals from theorem 2? Here we recall a construction (which
is essentially due to [28]) that, given an orbital diffeomorphism between two Hamiltonian
systems, produces integrals of them. Let v and v be Hamiltonian systems on symplectic
manifolds (N, w) and (N, ®) with Hamiltonians H and H, respectively. Consider the
isoenergy surfaces

0 (xeN:Hx) =h) O (xeN:Hx) =h)

where h and & are regular values of the functions H, H, respectively.

Definition 3. A diffeomorphism ¢ : Q —> Q is said to be orbital, if it takes the orbits
(considered as unparametrized curves) of the system v to the orbits of the system v.

Given orbital diffeomorphism, we can invariantly construct integrals. Denote by o, ¢ the
restrictions of the forms w, @ to Q, Q respectively. Consider the form ¢*c on Q.

Lemma 1 ([28]). The flow v preserves the form ¢*c.

It is obvious that the kernels of the forms o and ¢*& coincide (in the space 7, Q at each
point x € Q) with the linear span of the vector v. Therefore these forms induce two non-
degenerate tensor fields on the quotient bundle 7 Q/(v). We shall denote the corresponding
forms on 7 Q/(v) also by the letters o, 7.

Lemma 2. The characteristic polynomial of (6) ™' (¢*&) on'T Q/ (v) is preserved by the flow v.
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Since both forms are skew symmetric, each root of the characteristic polynomial
(0)~!(¢*5) has an even multiplicity. Then the characteristic polynomial is the square of
a polynomial 8"~ !(¢) of degree n — 1. Hence the polynomial "' (¢) is also preserved by the
flow v. Therefore the coefficients of the polynomial 8" ! () are integrals of the system v.

Geodesic flows of geodesically equivalent metrics can be considered as orbitally equivalent
systems. The manifold N = N = T M", the forms w, & are given by

oD dlgE d'] = d[g;E dx']

and the orbital diffeomorphism ¢ is given by

~ ||s||g)
¢(x’§)_(x’ BEA

Direct calculations give us the formulae for the integrals [; from theorem 2.

4. Integrability criterion

Does the Liouville integrability of the geodesic flow imply the existence of a geodesically
equivalent metric? Let g, g be two metrics on M". Consider the functions [ : T*M" — R,
k=0,...,n— 1, given by (4). Consider the standard symplectic structure on 7*M".

Theorem 3 ([21]). Let the functions I, commute and let them be functionally independent
almost everywhere. Then the metrics g, g are geodesically equivalent.

A more precise variant of this theorem is proved in [30].

Corollary 2. Metrics g and g on a surface are geodesically equivalent, if and only if the

function (g%g;) 5 g(&, &) is an integral of the geodesic flow of g.

Metrics on surfaces with quadratically integrable geodesic flows were described in [9,11],
see also [2]. In view of corollary 2, this description gives us a complete description of
geodesically equivalent metrics on surfaces.

5. The eigenvalues of the Sinjukov mapping are globally ordered

Here we give a proof of corollary 1, assuming that M" is geodesically connected. Consider
the fibrewise-linear mapping

A:TM" > TM" A= det(G)m G )
The mapping A is called Sinjukov mapping, its characteristic invariants play an important role
in the local theory of geodesically equivalent metrics. Denote by ¢;(x) < --- < ¢, (x) the
eigenvalues of A at x € M".

Theorem 4 ([20]). Let g, g be geodesically equivalent metrics on M". Suppose that M"
is geodesically complete (with respect to one of the metrics) and connected. Then for any
i e{l,...,n— 1} the following statements are true:

(1) ¢i(x) < pisi(y) forany x, y € M".

(2) If ¢ (x) = ¢;1(x) for any point x of a neighbourhood U C M" then ¢;(y) = ¢i+1(¥) =
const for any point y € M" (assuming that the constant const is independent of the point).

(3) If p; (x) = pi1(y) for some x, y € M" then there exists 7 € M" such that ¢;(z2) = P;+1(2).
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The main idea of the proof is that the integrals I are given invariantly in local terms: the
restriction of the integral /; to each cotangent space 7,"M" depends on the restriction of the
metrics to the point x only. In particular, the next lemma is an exercise in finite-dimensional
linear algebra and we leave the proof to the reader.

For each point (x,&) € T*M" (assuming that x € M" and & € T}M"), consider the
following polynomial in ¢:

def ,_ n—
Fr(x, &) = 1" Ly (6, &) + 1" Ly g (x, §) + - + Do(x, §). (6)
The coefficients of this polynomial are functions on 7*M". Let us denote by 7;(x, &) < --- <
t,—1(x, &) the roots of F;.

Lemma 3 ([20]). For any point (x,&) € T*M", for any i € {1,...,n — 1}, the following
statements are true:

(1) t;(x, &) is real.
(2) $i(x) < 1;(x,8) < i1 (x).
(3) If for some open non-empty subset V.C T)M" the function t; is constant on this subset

then ¢; (x) = @11 (x).

Now we are able to prove the first two statements of theorem 4. By theorem 2, the
coefficients I; of the polynomial F; are integrals of the geodesic flow of g. Then the roots ¢;
are constant on each orbit of the geodesic flow of g. By lemma 3, for any geodesic y we have
(we identify the tangent and the cotangent bundles of M" by g)

¢i(y(0)) <1 (y(0), y(0) = £:(y (1), y (1)) < dira (¥ (1)).

Since M" is connected and geodesically complete, we can join each two points by a geodesic
and the first statement of the theorem is proved.

Now let, for any point x of some neighbourhood U C M", the eigenvalue ¢, (x) be equal
to ¢;41(x). By the first statement of theorem 4 we then have that ¢; (x) = ¢;+1(x) = const,
where the constant const is independent of x € U. Take an arbitrary point y € M". Let us
joint the point y by all possible geodesics with every point of U. By the second statement
of lemma 3, the value of #; at each point of the corresponding geodesic orbits is equal to the
constant const. Then the initial momenta of these geodesics form an open non-empty subset
V C TyM" and for any v € V the value 7;(y, v) is equal to const. Thus by lemma 3 we have

i () = ¢in1(y) = t;(y, v) = const

and the second statement of theorem 4 is proved.
Note that the second statement of theorem 4 already implies corollary 1, since the
eigenvalues of G are evidently given by

1 1
P1(x) ... B (x) i (x)
Now let us explain the third statement of theorem 4. Suppose ¢;(x) = ¢i1(y) = ¢.
Consider a geodesic y : R — M" such that y (0) = x, y (1) = y. By lemma 3, the value of 1;
on the corresponding geodesic orbit (y, y) is equal to ¢. The proof of the third part of the

theorem consists of the following two statement, the complete proof of which is fairly lengthy
and will appear elsewhere.

Statement 1. The differential of the function Fy : T*M — R (i.e. F, for t = ¢) is zero at
each point of the geodesic orbit (y, y).
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Statement 2. If differential of the function Fy is zero for some point (z, v) € T*M", v # 0,
then either ¢; (z) = ¢ or ¢;+1(z) = ¢ (or ¢;(2) = ¢i41(2) = P).

Since the geodesic y is connected, and since the sets {w € y : ¢;(w) = ¢},
{fw e y : ¢ir1(w) = ¢} are closed and non-empty then they intersect so that there exists
apoint z € y such that ¢;(z) = ¢;+1(2) = ¢, q.e.d.

6. Topology of the manifold with geodesically equivalent metrics

By theorem 2 and corollary 1, if two geodesically equivalent metrics on a connected manifold
are strictly non-proportional at a point then their geodesic flows are completely integrable.
This gives us a topological condition that prevents a closed manifold from possessing a pair
of geodesically equivalent metrics that are strictly non-proportional at least at one point. The
first versions of such a condition appeared in [17, 19,29], here we present the last version.

Corollary 3. Suppose M" is connected and closed. Let metrics g, g on M" be geodesically
equivalent and strictly non-proportional at least at one point.
Then M"™ can be covered (with branched points) by the torus T".

The proof of corollary 3 is rather lengthy and will appear elsewhere; here we note that
(in the typical case) the branched points of the covering are precisely the points where the
metrics are not strictly non-proportional. If we lift the metrics to the covering torus then
the resulting pseudo-Riemannian metrics have the Levi-Civita form (2), (3) in some global
coordinate system on the torus. Below we show that this is also true locally: in the typical
case, near the points where the metrics are not strictly non-proportional, there exists a Levi-
Civita coordinate net with singularities of index % in the points where the metrics are not
strictly non-proportional.

In section 8 we will show that if at each point the metrics are strictly non-proportional
then the manifold is covered by the torus without branch points, see theorem 9.

Conjecture 1. Suppose M" is connected and closed. Let metrics g, g on M" be geodesically
equivalent and strictly non-proportional at least at one point.
Then the manifold M" can be covered by the direct product of spheres.

It is possible to show that if each of the two manifolds admits a pair of geodesically
equivalent metrics which are strictly non-proportional at least at a point then the direct products
of the manifolds also admits a pair of geodesically equivalent metrics which are strictly non-
proportional at least at a point. In section 8 we will show that any sphere admits a pair of
geodesically equivalent metrics which are strictly non-proportional at least at a point, and
therefore the product of spheres also admits a pair of geodesically equivalent metrics which
are strictly non-proportional at least at a point.

Conjecture 2. Suppose M" is closed connected and hyperbolic (in the sense that it admits
a metric of constant negative sectional curvature). Then if two metrics are geodesically
equivalent on M" then they are completely proportional: one metric equals the other multiplied
by some constant.

By corollary 3, we have that conjecture 2 is true for surfaces.

In what follows we give a detailed description of the (non-degenerate) branched points of
the covering that appears in corollary 3. For this we need a more detailed analysis of the the
set of the singular points of the pair of geodesically equivalent metrics.

Denote by M9(g, g) (1 < g < n) the set of the sable points of type q, i.e., the set of the

points y € M" such that the operator G|, (G &t g~ 'g) has exactly ¢ distinct eigenvalues for
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every x from an open neighbourhood of the point y. Denote by M(g, g) the set of all stable
def

points on M", i.e., M = | |I_; M.
Definition 4. A point x € M" is called singular (with respect to the metrics g and g) if x is
not stable.

Denote the set of the singular points by S, S &y \ M.

Our aim is to find a local description of geodesically equivalent metrics in neighbourhoods
of singular points.

Denote by 7 the vector space spanned on the integrals Iy, ..., I,—;. It is proved in [31]
that

I.(g,8) =det(A+cDg((A+cD)' X, X) = Io+ Lic+ -+ I,_jc"! )

where the operator A = A(g, g) is given by formula (5), 1 denotes the identity operator,
X € TM", and c is a real parameter. Let us fix a point x € M" and define the linear map
x7:Z — Symm(T,M" @ T,M") given by the formulaZ > I — I(x).

6.1. Non-degeneracy condition

Assume that the metrics g and g are geodesically equivalent. It is evident that at the singular
points the metrics g and g have multiple common eigenvalues. Moreover, if x € S, then
ker x7 # 0.

Following Kiyohara (see [12]) we give the next definition.

Definition 5. A singular point x is called non-degenerate if for every I € T suchthat I (x) =0
we have (0 1)(x) # 0 for some § € T, M".

Let us fix a singular point xo on the manifold and denote by ¢; < ¢ < --- < ¢, the
eigenvalues of the operator A. Letey, ..., e, be a smooth frame (given in a neighbourhood of
the point x¢) such that Ae; = ¢;e; at the point xo. We have
el®el+...+e”®en} (8)

¢1+C ¢n+C

Ie(x0) = P (x0) {

where © (xo) (¢>1 +c¢)--- (¢, + ¢). Suppose for example that at the point xo we have
—Vv=¢ = = ¢r < Pr+1(k = 2). Itis easy to see that I,,(xg) = 0.

Letus calculate the form (¢ 1,) (x9) = (Ve1,)(x0), where V denotes an affine connection
without torsion and § € T,,M". We have,

VI.=V(A+cl|lg(A+cD)™ ) = (VIA+cIDg(A+cD)™ +|A+cI|(V)(A+cl)™!
+A+cl|gV[(A+cD)™ 1= |A+cl|trace[(A+cI) ' o VAIg(A +cI)™!
HA+cI|(Ve)A+cD)™ —|A+cl|g(A+cD) " (VAY(A +cD)7!

where we use the formulae V(det A) = (det A)trace[A~! o VA] and V[A~!] =
—A"1(VA)A~!. Therefore,

Y "ot @ et
(Vel) (¥0) = [(¢1 +0) - <¢n+c>]<2 a”) 525

¢ +c ¢j+c
(@1 +0) - (n +0)] (lf’fé ‘Qe

J

—[(@1+c)-- (¢ +0)] Z m
i j
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= 41+ (a1 +0) - Bu +Olla c05 ® €

+a§qge’1k ® el — azlygeé ® el — alzygef ® e5]+ Qi+ Oy + )} )
where the form €2, vanish. It gives that
(Vel,)(x0) = {0~ k=3 ()
A k=2
where A,g =[(3+Vv)--- (¢, + v)][a%ygef el + a{,$e§ ®e; — alzygef ®e; — aige;‘ ® el
Lemma 4. Suppose that the operator A(g, g) has m < n distinct eigenvalues pi, ..., Pm
with multiplicities 1y, ..., 1,, Y ;l; = n at the point xo. It gives an orthogonal splitting

TUGx)) =S W, @ ---@® W, dimW, = [ of the tangent bundle in a sufficiently small
neighbourhood U (xo) of the point xo. The operator A(g, g) preserves the subspaces Wy
at each point in U. Moreover, the distributions W; are integrable.

Proof of lemma 4. Consider a point x sufficiently near xo. Denote by i (x), ..., ok, (x)

the eigenvalues which are close to the value p;. Consider the operator A &ef (A(x) —
Pr1(x)) -+ (A(x) — pu,(x)). Ag is a polynomial of A whose coefficients are symmetric

functions of the eigenvalues pg1(x), ..., pr,(x). Using the integral fy )»Sit‘—&i dr (s =
A

1,2,...), where x4(X) denotes the characteristic polynomial of the operator A, itis easy to see
that the symmetric functions of the eigenvalues py; (x), ..., px, (x) are smooth functions of x
in a neighbourhood of x(. Therefore, Ay is a smooth operator in a neighbourhood of the point

xo. We take Wy &of ker Ay (k =1, ..., m). Finally, it follows from Levi-Civita’s theorem that
the distributions W;. are integrable in a neighbourhood of any stable point. The set of stable
points M(g, g) is everywhere dense (see [18]). Thus, W, are integrable. This completes the
proof of lemma 4. g

Proposition 1. Ler the metrics g and g be geodesically equivalent. Suppose that xg is a
singular point and TU = W, @ - - - @& W,, is the corresponding splitting given by lemma 4 in
a neighbourhood U of the point xy; then the singular point x is non-degenerate if and only if
one of the next two conditions is satisfied:

(i) dmW; < 2 (G = 1,...,m) and for every W, such that dim W, = 2 we have that
(0 A »)(x0) # O for some & € T, M", where A p denotes the restriction of the operator
A(g, ) to the vector bundle W,;

(ii)) dm W; <2 (@ =1, ..., m) and for every W, such that dim W, = 2 the restriction of the
Sfunction A, &f (pp1 — p,,2)2 to the integral manifold of the distribution W, which passes
through xo has a Morse type ‘centre’ at the point x.

Definition 6. A non-degenerate singular point x is called non-degenerate singular point of
type k if the operator A(g, g) has exactly k double eigenvalues at the point x.

Proof of proposition 1. Let us take an affine connection V (defined in a neighbourhood of
the point xo) which preserves the distribution W;. Denote by V its restriction to the vector
bundle W;. It is obvious that V¢ A preserves the distribution W; and (V: A),, |w, = (ﬁgﬁl)x().
On the other hand we have that (%Al)xo = (ngl)m and

1 1
a a
(VEA)X()|W1 = [ ]2Yé %f} .

aije Ay
It follows from (*) that (Ve1,)(xo) # 0 if and only if k = 2 and (agA,)(xo) # 0. Therefore,
if xp is non-degenerate singular point, then dim W; <2 (i =1,...,m) and (9:A,)(xo) # O,

if dim W, = 2.
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Conversely, suppose that dim W; < 2 (1 <i < m) and (8gz§p)(xo) #0,ifdim W, = 2.
Let vy, ..., v be the double eigenvalues of the operator A(g, g). It can be easily seen that the
integrals I_,,, ..., I_,, form a basis of the subspace of integrals from Z which vanish at the
point xy. Therefore, if 1 (xy) = 0O, then

k
I = Zci I, ¢; = const. (10)
i=1
It follows from () and (10) that

k
(VeD(x0) = Y ¢(Vs 1) (x0) # 0. (11)
i=1
This completes the proof of (i).

Without loss of generality it can be assumed that W; = span(e;,...,e) in a
neighbourhood of the point x¢ (lemma 4). In this case we obviously have that a;’.’g (x9) =
(agaj.)(xo) (1 < i, j < k), where 9; denotes the partial derivative along the vector § € T, M".

Let us prove (ii). Suppose that x is a non-degenerate singular point and let dim W; = 2.
It follows from (%) that

" d
(sgrad 1,),, = C, ;(aqagpf +,,al P} —20,a) Py Pz)a—ﬂ (12)
where P; & (P,e;), P € T*M" and C, # O. The condition {E,, I,} = 0, where
E, =), Pi2 is the energy integral, gives that Beka} = 0 (k > 2) and (sgrad 1,),, =
(P + BP) (P % - P %), o, B are constants. Making orthonormal change of the frame
(e1,e2) we get that @ = 0 and B # 0. Therefore, 8,,a3 = 9,,ai = 0, 8,,al = ¢ # 0, and
80,03 = 0e,a] =0, dp,a3 = 5 #0.

We have A1 & (o)) — p12)? = (trace A;)? —4det A, = (a] —a3)* +4(al)?. Let us take
acurve y(¢) (y(0) = xo and y (0) = &1e;1 + &re2), which is defined in a neighbourhood of the
point + = 0. We obtain d;Az' 0) = 2((6’1} - c'z%)2 + 4(d21)2) = 202(512 + 522). The last equality
proves the item (ii). Proposition 1 is proved. ]

Finally combining proposition 1 with corollary 1 and theorem 4 we obtain the following
theorem.

Theorem 5. Suppose that the metrics g and g are geodesically equivalent and strictly non-
proportional at some point on the manifold; then for every point x € M" the multiplicities
of the eigenvalues of the operator Al are less than or equal to 2. A singular point xg is
non-degenerate iff the restrictions of the locally defined functions A , on the integral manifolds
of the distributions W, have Morse singularities of index zero (type ‘centre’) at the point x.

6.2. Local description of the singular points

Here we give a local description of geodesically equivalent metrics in a neighbourhood of a
non-degenerate singular point.

Theorem 6. Suppose that the metrics g and g are geodesically equivalent and let xg
be a non-degenerate singular point of type k; then there exist coordinate system
{(wi, ..., W, Yorats -+ Yu) ) Wy &ef Y2p—1 +1y2p, X0 = 0, given in a neighbourhood U (xy)
of the point xo, and a branched covering ® : (D*)* x J""%* — U(xy) defined by

) 2 2
D (21, ey s Xt Dy - ey X)) B> (200 e oy 2 X2ktds - o5 Xp) (13)
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def . . . . . . . .
where 7, = X2, +1x2), D? is a two-dimensional disc in R%, and J is an interval. On the
covering, we have that

dg? = |TTy| dx} + [TTp| dx3 + - - - + |1, | dx? (14)
dg? = p' || dx? + p?| o] dx3 + - - - + p"|TT,,| dx? (15)
def def
p1E i TS (@ = 1) (@) — $-)(@ja1 — &) -+ ($u — ¢)), where ¢; > 0
are smooth even functions depending only on the variable x ;. These functions satisfy the next
conditions

(@) p31(0) = (=179 (0) j = 1,....k;
(b) ¢§’j71 0)#£0(( =1,...,k) (‘non-degeneracy condition’).

Conversely, if g and g are defined by formulae (14) and (15), then their projections on U (xy) are
well-defined smooth geodesically equivalent metrics and xo = 0 is non-degenerate singular

point of type k.

Proof of theorem 6. Let us fix a point xy on the manifold. Suppose that x is a stable point
of type n, i.e., x € M". Let X, ..., X, be the principal axes of the operator A(g, g), which
are smoothly defined in a neighbourhood of the point x. Making the Legendre transformation
corresponding to the Riemannian metric g we obtain

P2 P2
I. = &, Ly (16)
¢1+c ¢ +c

where &, def (p1+¢)--- (¢, +¢) and P, = (P, Xy), P € T*M". Suppose for example that
i << .

Letcy, ..., c, be different real numbers such that ¢; + c; # 0. We obviously have
1 P? P?
—F = 4o+
b, @1 +c1 ¢n + 1
LI P} P’
n —
q)n ¢1 +Cn ¢n +Cn

def
where F;, = I,.

Lemma 5. Suppose that B &ef (#)nxn; then
itPj

l_[i>j(¢i - ¢j) l_[i>j(ci — Cj)

det B = a7
[1;;(@i +¢))
Denote by By, the elements of the inverse matrix B~'. We have
By = (=" [y, @ = @01y (@ = e [T (i +c)) (18)
[z (@) [T @ — )Tl e =)
1 1 i'( i +C )
_ et L @i e o

IT; Ck Hii’k (¢i +¢;)
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where T, & (4711 @) - (et — G (D — Pi—1) - - - (¢ — ¢1) and o= (Cn —cp) - (Cret —

cr)(cy —ck—1) - -+ (cx — c¢1). Therefore,

k

Z( )I+k1 LI @i+ep 1
H[Cknx#l(¢l+cj)q9k

_Z( )I+k1 A (i+c)- (P +ca)
M, Ce (1 +cr)

Now, suppose that xo € M" is a non-degenerate singular point of type k (1 < k < [5]). Let
V] < --+ < 1t be the double roots of the characteristic polynomial x4 (A) at the point xo.
Suppose in addition that the eigenvalues ¢, < ¢, are close to the value vy (s = 1, ..., k)
and ¢y < - -+ < ¢,,. The last conditions define ¢; (i = 1, ..., n) uniquely in a sufficiently
small neighbourhood of the point x( (see theorem 5).

Let us take cps—1 = —vg (s = 1,...,k) in the formulae above, and suppose as
before that ¢ + ¢ # 0 (s = 1,...,k)and ¢y +¢; # 0 (I = 2k+1,...,n). We
obviously have that Fi(xg) = F3(xg) = -+ = Fyp_1(xg) = 0 and the quadratic forms
Fr(x0), ..., Far(x0), Fare1(x0), - .., F(xo) are linearly independent.

Suppose that the stable point x is close to the singular point xg. It follows from (20) that

1+ ¢]+C] .
Z( =L <¢1+CI>F] (1)
147 n + Cy .
TS (520

F.. (20)

—14j Cou1 (D21 + o
Aoy =Y (=1)* ( ) F; (23)
- ; o -1 +¢;j !
_14j Co1 (Do + cun
Ap = — ) (=1)H-1+ ( > F; (24)
# XI: Cj $ox + ¢ !

I+j I+ Cn )
Z( D =~ <¢,+c,>Ff (25)

where
def (P25—1 +C25-1) ’
Aos_1 = Tps_1 Cos_ . (26)
o B Gy ) (Bt ) !
def (¢2s +C2x—1) 2
Ay = TTrCos P, 27
S 7S PR S R
(s=1,...,k)and
A e, (¢r +cn) P2(I=2k+1,....n). (28)

(1 +c1)--- (¢ +cn)

The decomposition of the tangent bundle given by lemma 4 gives a Cartesian product structure
in a neighbourhood U (x¢) of the point xo, U (xo) = D? X - -+ x D} X Jagq1 X -+ X J,, where
Di2 are 2-discs and J; are intervals. Suppose that the coordinates g»,_; and g», refer to the
disc sz (s =1,..., k), and the coordinate g, refers to the interval J; (I =2k +1,...,n). Let
ussetg;(x0) =0(@G =1,...,n).
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In an open neighbourhood of the point xy the set of singular points S is a union of
def

submanifolds S,, = {¢2; = ¢2—1} (s =1, ..., k) of codimension two.
The Stickel theorem shows that locally, in a neighbourhood of any stable point, the
eigenvalues ¢,,_; and ¢, depend only on the variables g»,—; and gos (s = 1, ..., k), and ¢y

depends only on the variable g; (I =2k +1,...,n). It gives that S,, = {g2s—1 = q2s =0} =
{ql¢25-1(q) = dos(@)} (s = 1, ..., k).

It follows from (26) and (27) that the forms A, and Ay, can be extended smoothly to
U(xp)\ Sy, (s =1,...,k). Formula (28) shows that the forms A; (! =2k +1,...,n) can be
extended smoothly to all of U (xo).

It follows from the Stickel theorem that the forms A; (i = 1, ..., n) are in involution
on U(xp) \ S. Recall that A; = ¢ (P, Y:)2, ¢ = +1 where the vector fields ¥; are defined
uniquely up to multiplication on £1. Therefore, the vector fields +Y; are also in involution
on U(xg) \ S. Note that Yo, _1,Ys € Wy (1 < s < k)andY;, € W, Qk+1 <[ < n).
Therefore, the coefficients of the vector fields £Y»,_; and £Y,, depend only on the variables
q2s—1 and g, and the coefficients of the vector field +Y; depend only on the variable g,
1<s<k2k+1<1I<n).

Consider for example the vector fields £Y; and 5. In every simply connected domain in
D% \ 0 we can assume that ¥; = a;(q, qz)% +b;(q1, qz)aiq2 (i =1, 2), where the functions a;
and b; are defined smoothly, and the frame (Y, ¥>) has positive orientation. We suppose that
the standard orientation on Df given by the order of the coordinates (g, g2) is fixed. Let :
be the linear operator that takes Y; to Y, and Y, to —Y;. It can be easily seen that : defines a
complex structure on D12 \ 0. Moreover, it turns out that : gives a complex structure on D%.
Let us consider the form G, & % The restriction of G, to any integral manifold of the
distribution W; gives a Riemannian metric G, on it (after applying the corresponding Legendre
transformation). In coordinates, these metrics depend only on the variables ¢g; and g;. It is
evident that the complex structure given by G, coincide with . Finally, it can be easily seen
that

Gi=cg(A=¢)' (A=) ' (A+cr) - (A+cy)
=cg(A* — (p3 + P) A+ 3ps) - (A +¢y) (29)

where g and A denote the restrictions of the corresponding tensor fields on the integral manifold
of the distribution Wy, and c is a constant. Hence, G is smooth.

Consider the vector fields Z = +(Y, — 1Y>). This field is well defined and holomorphic
(with respect to the complex structure : defined above) in a small neighbourhood of every
point x € D?, x # 0. The field Z? is defined and holomorphic in the whole D?. Hence,

7> = a@(q)ag, q &ef q1 + igs, and the complex-valued function a?(g) is holomorphic,

7 (q) .
a@(0) = 0. We have that G| = % = %aqag > 0. Therefore, the smooth function

A(q) & % > Oon Df. Suppose thata®’(q) = ¢g* p(¢q), k > 2, and p(q) is aholomorphic
function, p(0) # 0. It follows from theorem 5 that A (g) = O(|q|2) (]g| — 0). From another
viewpoint we have that [a‘?(¢)|> = O(|q|*), k > 2. Therefore, A(g) — 0 (¢ — 0). This
contradiction shows that k = 1, and a'? (q) = gp(g). Now, it can be easily seen that there
exists a biholomorphic change of the variables w, = h(g), w; o y1 + iy2, such that the
mapping @, : z > w; = 2,z & X1 + ixy, takes 83 to Z2. Hence, ®,,(0y,) = Yl.2 (i=1,2).

Therefore, there is a coordinate system {(wy, ..., Wk, Y2k+1, - - -» Yn)}» Wp def Yop—1+iyap,
xo = 0, given in a neighbourhood U (xy) of the point xy, and a branched covering & :
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(D** x J""% — U(x,) defined by

D (s e ees Zhs X2kt s« oo s Xn) B> (20,0 ooy Zh Xty - - - 5 Xn) (30)
def . . .
where z, = X2p—1 +ix2p, such that CD*(BXZI,) = sz (j =1, ..., n). Therefore, on the covering,
in the coordinates {(z1, ..., Zx, X2k+1, - - - » X )} We have that
dg? =P} +---+ P?
= |[Tya;| dx} + |Taas| dx3 + - - - + |[,a,| dx2. (31)

It follows from definition of the operator A(g, g) that

1
g(X,X) = ——g(A™'X, X). 32
8(X, X) detAg( ) (32)
Hence,
dg? = p'|Ma| dx? + p*|Thay| dx3 + - - - + p"|TT,a,| dx? (33)
where p? &t o L 3 4%’ and the eigenvalues ¢; > 0 and the functions a; are smooth even
n Pq

functions depending only on the variable x;. It follows from the smoothness of the conformal
multiplier A(g) considered above that these functions satisfy the following conditions:

@) 571 (0) = (=115 (0) (j = 1,.... k);
(b) ¢§’j71 (0) #0(j =1, ..., k) (‘non-degeneracy condition’).

Remark 3. If we consider the vector fields Z2 = C; ' (¢ + ¢2) -+ (¢1 + ¢,)Y? and Z2 =
Cl_l(d)z + ) (g + c,,)Yz2 and apply the construction used above, we obtain a; = 1
(j =1, ..., n). The conditions on the functions ¢; are preserved.

The inverse part of the theorem is obvious. This completes the proof of theorem 6.  [J

7. Quantum integrability

In the case of geodesically equivalent metrics, classical integrability implies the quantum

one. Consider the linear partial-differential operators Zy, 7, ..., Z,—1 given by Z;(f) &

div(Si(grad (f))), where grad ( f) denotes the gradient g'® i—fa of the function f and div denotes
the divergence with respect to the metric g.

Remark 4. In coordinates the operators Z; are given by

1 d , -9
Ty = ——=—(Sk).,v/det H—. 34
¢ det(g) 8x’( Wy det(e)g dxJ 4

Remark 5. The operator Z,_; is exactly the Laplacian A,.

Theorem 7 ([21]). Ifthe metrics g and g on M" are geodesically equivalent then the operators
Iy pairwise commute. In particular, they commute with A,.

Remark 6. For closed surfaces theorem 7 was essentially proved in [11].

If the metrics are strictly non-proportional then the operators are linearly independent.
Then it is possible to separate equation in the Schroedinger equation A¢ = A¢: the equation
naturally splits into the system of n one-dimensional Schroedinger equations.
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8. Examples: ellipsoid, Euler and Clebsch cases of rigid body motion

Levi-Civita’s theorem gives us a series of examples of geodesically equivalent metrics on the
torus 7" = S' x --- x S'. We enumerate the circles in the direct product by the numbers
{1,...,n},letx; € (Rmod Ly), L, > 0, be the coordinate on the kth circle so that xi, ..., x,
is a coordinate system on the torus. Let ¢y, ..., ¢, : T" — R be smooth positive functions
on the torus such that for any i the function ¢; depends on the coordinate x; only and ¢; < ¢;+;
(in other words, ¢; is a function on the ith circle (R mod L) and for any x, y € R the value
¢; (x) is less than ¢;,1(y)). Then the metrics (2), (3) are well definite and are geodesically
equivalent on the torus. We will call them model metrics on the torus. Each pair of model
metrics is given by the positive numbers L; and by the functions ¢; : (Rmod L;) — R.

The following theorems show that the model metrics give us essentially all possible
examples on the torus.

Theorem 8. Let metrics g, g on the torus T" be geodesically equivalent and strictly non-
proportional at least at one point. Then they are strictly non-proportional everywhere.

This theorem is non-trivial: if the manifold is neither the torus nor is covered by the torus,
there must exist points where geodesically equivalent metrics are not strictly non-proportional:

Theorem 9 ([20]). Let g, g be geodesically equivalent metrics on M". Suppose that there
is no vector field which is Killing for both metrics and that the metrics g, g are strictly non-
proportional at each point of M". Then there exists a covering w : T" — M" and a pair
8model> 8model Of model metrics on T™ such that T*g = gmodel, T*& = &model-

We will try to explain theorems 8, 9. Assume that the metrics g, g are geodesically
equivalent on the torus 7". Without loss of generality, we can assume that there is no vector
field thatis Killing with respect to both metrics. More precisely, because of topological reasons,
any Killing vector field is zero nowhere.

In Levi-Civita’s coordinates (see Levi-Civita’s theorem), it is easy to check that a
component number i of a Killing (with respect to both metrics) vector field is not zero if
and only if it is constant and if the corresponding ¢; is constant. In particular, any two Killing
(with respect to both metrics) vector fields commute. Therefore the set of all Killing (with
respect to both metrics) vector fields generates a free action of the torus 7% on the torus 7", and
the factorspace modulo this action is homeomorphic to the torus 7" with two geodesically
equivalent metrics which admit no Killing (with respect to both metrics) vector field. Thus, we
can assume that there is no vector field that is Killing with respect to both metrics, which, in
particular, implies, that all singular points are non-degenerate. More precisely, by theorem 4,
any eigenvalue of G has multiplicity at most two so that locally the geodesically equivalent
metrics behaves as the direct product of at most two-dimensional manifolds with geodesically
equivalent metrics. Finally, for two-dimensional manifolds, any singular point of geodesically
equivalent metrics (assuming that the metrics admit no Killing vector field) is nondegenerate,
see, e.g., [3, p 123], theorem 6.8.

By theorem 4, there exist numbers 7y, ..., 7,—; such that for every x € T" we have
¢i(x) < 1 < ¢i41(x); moreover, if ¢;(x) < ¢;1(x) for any point x then we can choose
7; in such a way that ¢;(x) < 7; < ¢i+1(x). Consider the elementary symmetric functions
o, = o0;(—11, ..., —T,_1) and the Liouville fibre

" ip e T": [i(p) = 001, k=0,1,...,n—1}.

A point of L" is called singular if the differentials dly, ..., d[,_; are linearly dependent at
this point. Denote by 7 the standard projection T7*T" — T". From the explicit formula (4)
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for the integrals [} it is easy to extract that the projection of the fibre L” has no caustics in
non-singular points and that the image of singular points coincides with the set of points where
for some i < n either t; = ¢;(x) or T; = ¢;41(x).

Note that if at each point of the manifold two geodesically equivalent metric are strictly
non-proportional then the corresponding fibre L" is homeomorphic to the torus (by the Arnold—
Liouville theorem) and covers the manifold (because it has no caustics), which implies the first
part of theorem 9.

By the Arnold-Liouville theorem, the fibre L" is a union of orbits of the Poisson action
of the group R". Consider any orbit O” of dimension n of the Poisson action. Let us show
that the mapping 7, : H (0", Q) — H(T", Q) is a virtual surjection (that is, the image of
H, (0", Q) has finite index in H,(T", Q)). Take an arbitrary element of H,(T", Q), it can be
realized by a closed curve on T". We can perturb the curve in such a way that for any point x
of the curve, for any i < n, either ¢; (x) # t; or ¢;(x) = ¢;41(x). Indeed, from theorem 6 it
follows that for any i < n the set

S S (x e T " ($i(x) — ) (@i () — ) = 0}

is a submanifold of co-dimension one; from the third part of theorem 4 it follows that any
connected component of S; has a point x where ¢;(x) = 1; = ¢;;1(x). The same argument
proves that the image 7 (O™) contains all points where the metrics are strictly non-proportional.

Denote the perturbed curve by y. From theorem 6, (and also from Levi-Civita’s theorem),
it follows that locally the curve y can be lifted to O". Therefore, there exists a curve y, C 0>
such that w(yy) = y. We can always assume that the curve y has at least one point where
the metrics are strictly non-proportional. Since the integrals are quadratic in velocities, the
number of points of L" lying over this point is less than or equal to 2". Therefore, the curve

y™, where N o 2n!, can be realized as the projection of some closed curve from O". Thus
the the mapping 7, : H;(O", Q) — H(T", Q) is a virtual surjection.

Finally, the dimension of H;(T", Q) is n, the dimension of H,(O", Q) is no greater than n
and is equal to n if and only if O" is closed; therefore the fibre L" has no singular points and
therefore at each point of 7" the metrics are strictly non-proportional, g.e.d.

Are there examples of geodesically equivalent metrics on simple-connected manifold?
The oldest example is due to Beltrami [1]: the standard metric gsphere Of the round sphere

S" € R"! is geodesically equivalent to the pull-back Zsphere &l g Zsphere> Where

o L)
1(x) &
=)

where L is a non-degenerate linear transformation of R™!. Till 1998, there was only one other
example known on the sphere, see [22].

By theorem 3, in order to check whether a metric with integrable geodesic flow has a
geodesically equivalent metric, one should check whether the integrals can be found in the
form 4.

It appears that this is the case for the metric of the ellipsoid, for the metric of the Poisson
sphere and for the analogues of the Poisson sphere for the Clebsch case of rigid motion. In
particular, by theorem 7 we have that the Laplacians of these metrics are integrable in the
quantum sense.

Theorem 10 (Topalov and Matveev [29], Tabachnikov [26]). The restriction of the Eu-
clidean metric

2 2 2
dxy +dx; +---+dx;,,
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to the ellipsoid

2 2 2
Xt ox X

E"={(x;, %2, ..., xpp) € R L 22 ooy Tt
aj a Apyl

is geodesically equivalent to the restriction of the metric

2
1 dx;y  dx; dan

ERYINZY Ty \ o, Tttt

(;) +(;) +"'+(a”+1) a a Qpl

to the same ellipsoid.

In order to show that the integrals for the metric of the Poisson sphere satisfy the conditions
in the theorem 3, we use a variant of a well known construction of obtaining families of pairwise
commuting functions on homogeneous spaces [4,7,15,27]. Suppose that the Lie group G acts
on the manifold M". Let us fix a basis (e, ..., e,) of the corresponding Lie algebra g.
Consider the functions P; &of —(p, Xi(mw(p))) € C®(T*M), where 7 : T*M — M is
the natural projection on M, p € T*M and X; (i = 1, ..., m) are the fundamental vector
fields X;(x) o % |(=olexp (te;) o x]. It can easily be checked (in the case of left action) that
[Xi, X;]= —cfj Xy, where cffj denote the structural constants of the Lie algebra g. Therefore,
{P;, Pj} = cf.‘j Py, where {, } denotes the canonical Poisson structure on 7*M. Denote by u

the moment map w(p) o (Pi(p)y...s Pu(p))y b : T*M — g*.

It is known that if the functions F, H € C*°(g*) are in involution with respect to the
standard Lie—Poisson bracket on g*, then the functions u*F and p©* H are in involution with
respect to the canonical Poisson structure on 7*M. If F € C*°(g*) is polynomial of degree &,
then u* F is polynomial in momenta of the same degree.

Corollary 4. Consider a family of quadratic forms Q;(m) = Z;(l) AQrm) (m e g*),
which are in involution with respect to the Lie—Poisson bracket on g*. Suppose that the forms
w*Qo, ..., W*Q,_1 are linearly independent at some point xo € M and let the form u*Q,_,
be definite. Suppose in addition that there is an open dense subset U C M such that

Q) (p) =r(h, w(P)R(L, p) +c(M)(S(A, p))? peTU

wherer = r(A, m(p)) € C®(R x U) is an unitary polynomial in A of degree n that has n
different real roots ; = Ai(x) (i =1,...,n)on U, c € C*(R), c(};(x)) #0 (x € U), and
the functions R and S are supposed to be smooth on (R\ N) x T*U, where N is a finite set
andri € R\ N (i =1,...,n), then

(a) the metric given by the quadratic form u*Q,_, is geodesically equivalent to the metric
given by the quadratic form

L \2
&n—1(A) = (m) nw Qi

(b) the metric given by the quadratic form u* Qy is geodesically equivalent to the metric given
by the quadratic form

R 24 (V)
go(A) —( (A)) W Q.

This corollary is proved in [32]. In some details we follow this paper.
Let us apply corollary 4 to the multi-dimensional analogue of the Euler case of rigid body

motion. For this case, the quadratic form is given by Hb Zo<,< j<n b € C®(so(n+1)*),
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where X;; & E;j — Ej; (i < j) form a basis of the Lie algebra so(n + 1), b; # b; (i # j),
b; # 0.

Consider the family of metrics 7Tj, . &ef ZK j ;‘ _Z/ X l*jz, c; #cj (i # J), that corresponds
to the normal series of sectional operators (see [7]). We identify the Lie algebra so(n + 1) with
the dual space using the Killing form. The Hamiltonian systems X = ady, 7, .x are completely
integrable (V, f denotes the gradient of the function f calculated with respect to the Killing
form on so(n + 1)). If b; (i = 0, ..., n) are fixed, then the corresponding integrals can be
taken independent of ¢; (i =0, ..., n) (we can take, for example, the integrals obtained from
the shift argument method (see [7])). Therefore, the forms 7}, . (b is fixed) are in involution
with respect to the Lie—Poisson bracket. Finally, taking ¢; = b%x (A is a real parameter), we
obtain a family of pairwise commuting functions on so(n + 1)*

X2
T —x{ S E— }
e 1_!)( ] Py ey

i<j

We have

Qo = (ITj_ obk>Z

i<j
and
Qnot = (=" (M_obi) Y X7,
i<j

The form Qg coincide (up to multiplication on a constant) with H, and Q,,_; coincide with
the Killing form on so(n + 1).
Consider the standard left action of the group SO(n + 1) on R"*! supplied with the

. . def . . . . .
Euclidean metric dg,zE = dxg +--- 4 dx,%. This action gives an action on the unit sphere S”.
By [12] we have that

n{(z)(Z)(Z)}

i—o Ui

where 9; denotes the partial derivative 5~ By corollary 4, we obtain the folowing theorem.

Theorem 11 ([32]). The metric of the Poisson sphere ngoisson = u*Qq is geodesically
equivalent to the metric given by the quadratic form

n X~2 2
2o = (Zb—{) Zno1 ()

i=0 !

) noo2 N 2 1Lx; & xp \
gn_lu):(Zb_k) (;b,_k) (lobl ) (Zbi—k>

i=0

where

and A is a real parameter.

Remark 7. We identify the cotangent bundle to the unit sphere 7*S" with the subset

{Zx?:l,inpi=0} < T*R™!, (35)
i=0 i=0

The embedding is symplectic.
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Let us apply corollary 4 to the multi-dimensional analogue of the Clebsch case obtained
by Perelomov in [24,25]. The corresponding systems are Hamiltonian with respect to the
standard Lie—Poisson bracket on the dual space of the Lie algebra e(n). The Hamiltonians are
given by the formula

n

def Ci —Cj Ci — Cpy1
Hp.. < Z ﬁX?} + Z 'b—’H'YZZ (36)
I<i<jgn 00 T Y i=1 n+l

where b; # b; (i # j). byt # 0and X;j € Eyj — Eji (i < j), ¥i © E; 4 form a basis
of e(n). If b is fixed, then the Hamiltonians H, . are completely integrable and the family

of integrals can be taken independent of ¢; (see [7]). Therefore, the functions Hj . (b is

fixed) are in involution with respect to the Lie—Poisson bracket on e(n)*. Taking ¢; = ——

(i=1,...,n),cu1 = 0and b,y; = 1, we obtain a family of pairwise commuting quadrbét_ikc
forms
def T- X2 "y
Q}\=11:[1(bk_)\.){;(bi—)u)(bj—)u)_;bi—k}. (37)

Consider the standard left action of the group of Euclidean transformations E(n) on R"
supplied with the Euclidean metric gg. Let us take the one-parameter family of pairwise
commuting functions on e(n)* given by formula (37). We have

"0 = ﬁ(b 2) Z ¥ Z 9 Z X0\’
S N L b — 4 Zoh—2) \&b=2)]
Applying corollary 4 we obtain the following theorem.

Theorem 12 ([32]). The metric of the analogue of the Poisson sphere corresponding to the
Clebsch case of motion of the rigid body dg%lebsch = w*Qy is geodesically equivalent to the
metric given by the quadratic form
n x? 2

go(A) = < —1) gi1(rx

o) (;bi >g1 1(4)
where

2

gn1<x>=<2bi_k—1> (Zm)‘(l;b,--fl) (;b,-—x>

i=1 i=1

and A is a real parameter.

Finally, combining the results of this section with theorem 7 we obtain the following
theorem.

Theorem 13. The Laplace—Beltrami operator corresponding to the metrics of the ellipsoid,
the Poisson sphere and the analogue of the Poisson sphere corresponding to the Clebsch case
of motion of the rigid body are completely integrable in the quantum sense.
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